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Optimization of Circularly Towed Cable System in Crosswind
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The dynamics of aerial tethers towed in circular paths by an orbiting aircraft have been studied extensively.
Typically, the atmosphere is assumed to be stationary with respect to the ground so that stable steady-state solutions
are possible for certain combinations of system parameters. This paper presents a numerical approach for
minimizing the disturbance of a crosswind on the periodic solution of the cable tip using a combination of towpoint
manipulation and tether reeling. A discrete lumped parameter cable representation is used to simulate the physics of
the cable system. Periodic solutions are generated for a range of towpoint motions including elliptical orbits. The
required angular velocity of the aircraft to maintain constant airspeed is derived. Numerical results show that steady-
state wind effects can be compensated for by flying the aircraft in an elliptical orbit upwind of the target point in
combination with reeling the cable or flying on an inclined orbit.
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semimajor axis of elliptical orbit, m

inertial acceleration of cable in rotational coordinate
system, m/s?

origin of rotational coordinate system

cable drag coefficient

projected drag area of cable tip, m?

cable lift coefficient

cable diameter, m

orbit eccentricity

unit vector in lift direction

unit vector in drag direction

sum of external forces on cable in rotational coordinate
system, N

= gravity at sea level, 9.81 m/s?

oscillation amplitude of aircraft in vertical plane, m
mean aircraft altitude, m

length of jth cable element, m

amplitude of length oscillation, m

mass of the jth cable element, kg

origin of inertial coordinate system

semilatus rectum of ellipse, a(1 — e?)

orbit radius of aircraft, m

= position vector of cable in rotational coordinate
system, m

tension in cable, N

inertial velocity of cable in rotational coordinate
system, m/s

v' = velocity of jth cable element relative to air
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T, = orbital period, sec
Vr = true airspeed of aircraft, m/s
V., = wind speed parallel to inertial x-axis, m/s

X = position of aircraft orbit origin along inertial x-axis,
focus of elliptical orbit, m

Xgp = position of cable tip on inertial x-axis, m

Ve = position of aircraft orbit origin along inertial y-axis,
focus of elliptical orbit, m

Yip = position of cable tip on inertial y-axis, m

Zyp = position of cable tip on inertial z-axis, m
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Q; = generalized coordinate of jth cable element, rad

B; = generalized coordinate of jth cable element, rad

K = 14+ ecosf

0 = angle of aircraft relative to periapsis of ellipse, rad

B = angle of periapsis of ellipse relative to inertial x axis

0, = phase of aircraft vertical oscillation relative to
peripasis, rad

0, = phase of cable reeling relative to periapsis, rad

I

HE dynamics of aerially towed cable systems have been of

interest for several decades [1-9]. Potential uses of such
technology ranges from towing aerial decoys and terrain-sensing,
through to pickup and delivery of payloads [10]. Although the
dynamics of aerial tethers have been studied extensively, there are
comparatively fewer studies dealing with control of such systems. In
particular, control is typically viewed from the point of view of the
attitude, or altitude control of the towed body [11-14]. Such control
is typically implemented via aerodynamic control surfaces on the
towed-body. This approach becomes ineffective, however, for
systems towed in a circular path because the relative velocity of the
towed-body with respect to the wind is almost nonexistent under
ideal circumstances. Hence, other control strategies are necessary.

This paper is concerned with the dynamics and control of a towed
cable system flying closed orbital patterns. In the limiting case of an
aircraft flying a circular orbit relative to a stationary atmosphere, the
cable takes on a steady-state configuration when viewed from a
rotational frame attached to the aircraft. Practical development of
such a system could potentially allow extraction of supplies or
injured personnel for wartime or peacetime support, or delivery of
supplies to remote areas [15]. In previous studies on this topic, the
atmosphere has been assumed to remain stationary relative to the
aircraft. However, in the presence of a crosswind, the cable tip tends
to oscillate in the vertical plane and move away from the relative
equilibrium position obtained for no crosswind disturbances. It is
therefore of considerable practical interest to assess the means by
which such crosswinds can be compensated for. This is the goal of
this work.

Previous studies of the dynamics of cables towed in circular paths
have almost exclusively focused on relative equilibria and their
corresponding stability [16]. Indeed, much of the earlier work has
looked extensively at multivalued solutions and the system dynamics
for high rotational velocities [5-9]. For a system towed from an
aircraft, however, many of the stability problems such as cable flutter
(neglecting effects such as vortex shedding) are unlikely to occur due
to the relatively low angular velocities involved. In [16], a literature
review of many of the earlier studies is provided. Furthermore, a
possible method for enhancing the stationary motion by attaching a
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high-drag device along the cable was investigated. Reference [17]
studied the transient dynamics of the cable due to aircraft flight-path
manipulation and optimized the transition from straight flight to
circular flight so as to achieve rapid convergence of the cable tip to the
desired equilibrium position. The effects of a crosswind were
examined for a particular case by Murray [18], who used an inversion
procedure to obtain the required aircraft motion to compensate for the
winds. However, this process is unstable because of the very large
aerodynamic gradient on the cable, and the method does not give a
smooth motion for the aircraft. The effects of a crosswind were
examined in [19], which studied periodic solutions for the towed
system. The effects of noncircular (i.e., elliptical) orbits, and inclined
circular orbits was also studied. Very little literature exists on the
control of the system in the presence of crosswinds. In fact, [20,21]
deal with the problem of damping wind induced oscillations of the
cable by changing the aircraft bank angle as a function of heading
using fuzzy logic. In this feedback control approach, wind oscilla-
tions are measured through oscillations in the cable tension. How-
ever, control of the system focused on maintaining high verticality,
rather than accurate positioning of the cable tip.

This paper presents a study of the direct optimal control of an
aerial-towed cable system. Specifically, focus is on systems
nominally towed in circular orbits. Control of the cable tip is sought
in the presence of steady crosswinds so as to keep the tip as close to
the ideal center as possible. When crosswinds are present, steady-
state configurations are not possible. Instead, periodic solutions
occur with the cable tip varying in horizontal and vertical position. If
the aircraft maintains its original circular orbit relative to the ground,
then the aerodynamic force gradient can cause a significant perturb-
ation to the position of the cable tip. The goal of this paper is to
numerically study the form of optimal solutions for keeping the cable
tip as close to the desired position as possible. This is achieved by a
combination of changing the tether length and manipulating the
aircraft orbit. Furthermore, periodicity constraints are also enforced
so that the aircraft could potentially repeat the same control strategy
over many orbits.

II. Mathematical Model

In this work, the cable system is modeled by a series of masses
connected via frictionless rigid links. This model is similar to the
ones presented in [16,17], except that the longitudinal extension of
the cable is neglected. Although the longitudinal extension of the
cable could have an effect on the resulting dynamics, it is neglected
here to remove any high frequency vibrations from the problem
formulation. This allows simulations to be conducted with larger
time steps than would be allowed if the higher frequency oscillations
were present. It also makes numerical computations of optimal
solutions less sensitive to the initial guess.

A. Coordinate Frames

The cable dynamics are described in a rotating coordinate system
that rotates with the aircraft’s translational motion (x;,x,,x3),
centered at C. The origin of the coordinate system is described
relative to an inertial coordinate system centered at O, (x, y, z). The
origin of the rotating system is given by the coordinates (x,, y., H) as
shown in Fig. 1.

The cable is discretized into n point mass elements. Each lumped
mass is described by the relative spherical coordinates (1}, o;, f;),
where /; is the length of the jth segment, and «; and §; are the two
angles defined in Fig. 1, 1.e., B; is a rotation about the x, axis, and o;
is a rotation about the intermediate x, axis. The cable elements are
numbered from 1 for the link closest to the aircraft, through to n,
where the position of m,, represents the position of the towed body or
cable tip.

In [22], the precursor to this paper, the equations of motion were
derived using Kane’s equations. This has some advantages in that one
does not need to determine the cable tension as part of the dynamic
solution. However, for solving the optimal control problem defined
later in this paper, the computational burden becomes the dominant

Fig. 1 Three-dimensional lumped mass model of an aerial-cable
system.

consideration. When Kane’s equations are used, one must solve a
system of linear equations at each time step, with a 2n x 2n matrix.
The approach adopted in this work, based on Newton’s second law,
requires only the solution of a 7 X n matrix at each time step, with the
added advantage that the equations are less cumbersome.

The center of the aircraft orbit, denoted by C in Fig. 1, is
considered static for each simulation run. Hence, we can consider C
to be the center of the inertial coordinate frame for derivation of the
equations of motion. In the following optimal control problem, it is
desired to stabilize the cable tip at the point O in the presence of a
crosswind. The position of the orbit center is used as an optimization
parameter to shift the mean cable motion.

B. Equations of Motion

The positions of the point masses relative to the reference axes may
be written in terms of the generalized coordinates as

ry=(r—1I;sina;)i 4+ (=, cosa, sin B;)j

+ (h— 1, cosa, cos B))k (1)
r;=r;_ —l;sina;i — l;cosa;sin B;j
—ljcosa;cos Bk, j=2,....n (2)

The corresponding inertial velocities and accelerations are obtained
by differentiating Eqs. (1) and (2). The results are given in
Appendix A.

The goal for formulating the equations of motion in an efficient
manner is to decouple the accelerations of mass j from all previous
masses. This is accomplished by equating the accelerations with the
specific forces on each mass, i.e.

a; = @)

The acceleration of mass j relative to mass j — 1, a;;_,, is obtained

by subtracting subsequent accelerations, using Eq. (A4)
F, F_,
@ =—t———

m;

(C))
mj—
The second derivatives of the generalized coordinates for each mass
are obtained by transforming the accelerations from the orbital frame
to the local tether frame (i.e., a frame with the x axis aligned with the
tangent at segment j). The accelerations and forces are transformed
from the rotational coordinate frame to the tether frame using the
following direction cosine matrix
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—sina; —cosa;sinf; —cosa;cos B,
Cl=| —cosa; sina;sinp; sin(){jcosﬁj Q)
0 —cos B; sin ;

Multiplying both sides of Eq. (4) with this matrix leads to the
decoupled equations

. n2 A D .
I, — 62 — 1, Bicos’a, — 21,6, sina, cosa, cos B,
9 %) e 2 .-
+ 071 cos’a;cos’ B — 1,07 + 21,0, sin By + rf sina,
— hcosa; cos B; — rfcosa, sin B, — 27 fcos o, sin B,
Fx y 4

. . 1 . 1 . Fl
—Fsing; = ——sino; ——cosa, sin 8, —
nm nm, m

cosa; cos B,
(6)
La, — 211éﬁ,coszal cos B, + llﬂ% sina; cos oy — 2i19sin/31
+ 20,6, — 1,sin B, — [,6” cos o, sinr;cos?B,

5. 2 . « A . .
+ hsina; cos B, + r6” cosa; — Feosa; + 27 Bsinw, sin §;

. Fx F
+ rfsina, sin B, = —(—1) cosa + (—') sin; sin B,
m m,

1

+ (FI) sina; cos B, @)
my

ll,él cosa; + llécosﬁl sine; + ZiIécosﬁl sina;

. i )
+ 21,6a, cos B, cosa; — 1,8 cos B, cos ; sin B,

r4

+ ZiIB] cosay — 211(5!151 sino; — récosﬂl - 2iécosﬂl
+ hsin B, :—(—1) cos B, + ( !
mg mg

)sinﬁl @®)

Z.j—ljo'(%—ljﬂﬁcoszaj—ZIjQBjsinajcosajcosﬂj
. Y S
+ 071 ;cos’;cos?B; — 1,60° + 21,6 sin B;
FrFr PP
=_(_J_ J l)sin(xj_(_/_ J l)cosajsinﬂj

J Jj—1 J j—1

— (—F7 - F;') cosa;cos B 9)
J J
mj mj,l

lj&j—leéBjcoszajcosﬁj—l—ljﬁ?sinajcosaj—Zijésinﬂj
+ 21,6, — 1;0sin B; — ;0" cos a; sin o jcos? B

F*  FY, F o F_\ . .
:—(—’— J )cosa_/-—f—(—]— J )smajsmﬂ_,-

mj mj*l m] mj,I

B P
+ (= ———sina;cos B; 10)

m; o mj

1;B; cosa; + 1;0cos B; sina; + 20,6 cos B; sina;
+ 21, cos B cos &; — 1;6” cos B cos o sin
+ 21./-,3]. coso; — ZZ/-o't/-Bj sina;

J
=—|-L- cos B; + { ————sinB; an
m;  m; m; m;

j—1 J J—1

If the tether is modeled as elastic, then the second derivatives of the
generalized coordinates can be obtained simply from Eqs. (6—11).
However, modeling the links as elastic introduces high-frequency
longitudinal oscillations that makes numerical analysis difficult.
Instead, the tether is treated as inelastic which means that it is first

necessary to determine the distribution of tension throughout the
cable so that the equations of motion for the accelerations can be
determined.

C. Tension Distribution

Assume that all external forces on the lumped masses are known at
any instant of time. The tension forces are always directed along the
tether segment. Hence, the sum of the tension forces on the jth
lumped mass can be written as

Fi=(T;sina; — Tjy sina;)i + (T;cosa;sin ;

—T;yicosaysinf; ) j+ (T;cosa;cos B

— Ty cosajy cos Bk 12)

The assumption is made that the variation in the segment lengths is
either fixed, or prescribed as a function of time via Z'] . Substitution of
Eq. (12)into Egs. (6) and (9) results in a system of linear equations for
the n tension values. Solving the system of equations gives the
tensions in all the segments, which can be used to evaluate the
angular accelerations of the tether segments. The constraint
equations are given in Appendix B. Note that the tension forces
depend on the orbital motion of the aircraft, and all other external
forces acting on the cable and towed body. Simulations can be carried
out easily for elastic cables by substituting the tension distribution
with one obtained using a constitutive law.

D. Force Equations
1. Aerodynamic Drag

The aerodynamic drag acting on the cable is determined via a
crossflow model. The aerodynamic lift and drag coefficients are
defined as functions of the segment angle of attack, ;. The corre-
sponding lift and drag forces are calculated using the velocity of the
cable segment relative to the wind. This may be approximated from
the motion of the adjacent masses as

v =v;— vyi“d = v,';fi + v;f'j + v'zflk (13)

The lift and drag coefficients for an inclined circular cylinder are
given by [23]

Cp, = Cp, + Cp,, sin’Y; ~ 0.022 + 1.1sin’V; (14)

Cy, = Cp,,, sin*¥; cos ¥; ~ 1.1sin’; cos ¥, (15)

It has been assumed that the flow around the cable is subsonic. For
higher Reynold’s numbers, or in the presence of vortex shedding,
more complex models of the aerodynamic force coefficients will be
required.

The angle of attack may be calculated from

—1..p®©
lj v;

I;11v5
_Using, +ofjcosa;sin B, 4 v cosajeos;
O+ g + )’

J

cos¥; =

where
l;,=—l;sina;i —[;cosa;sinB;j — [;cosa; cos B;k a7

The unit vectors defining the directions of the lift and drag vectors are

v rel

ep=—r 18)

T el |
o5
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] 1 . .
W x L) x v ed+tej+ek

€L =- rel rel| = (19)
[(F x 1)) x v ,/e%—kef-}—e%
where
— rel\2 o; _ yrel el
e, = (vF)’sina; — v VY cosa; cos B;
rel , rel H rel\2 o3
— VU cosa; sin B+ (vyj) sina; (20)
— ()2 . 1 rel (3
e, = (vfg) cosq;sin fB; — vEuy sing;
— vl cos a; cos B; + (V') cos o sin B; 21)
— (yrel)2 1, rel :
e, = (Uy7)" cosa; cos fB; — UPUE cos sin ;
—ulve sina; + (V) cos a; cos B; (22)
Hence, the lift and drag vectors may be written as
Foe =L oe, pajep 23
j —EP D;tj |vj| €p (23)
F““—1 C, 1,d|vs|? 24
;o =Pl [v6%e, (24)

These lift and drag vectors are assumed to be constant over each cable
segment. Hence the aerodynamic forces are lumped to each point
mass taking half from each adjacent segment,

F?ero — F?mg + F}iﬂ (25)

The towed vehicle is assumed to be spherical, generating drag
only.

2. Gravity Forces

The gravity forces are assumed to be due to a flat Earth and are
assumed invariant with altitude

F}" =—m;gk (26)

3. Model Validation

The modeling approach used above has been compared with
existing experimental data and the results are presented in [24]. In
general, very good agreement is achieved between the model and
experimental data, provided the angular velocity of the tether system
at the towpoint is low. This is true of the configurations studied in this
work.

2V, sin(0 + 6,) — £V, sin O cos(6 + 6,)]
~ [(Bsin6)? + (&) + hicos’(0 + 6,)]

(9':

N 22V, sin(8 + 6,) — 28V, sin O cos(8 + 6)]F — 4[(%&sin 6)* 4 (B)* 4 hicos*(8 + 6]V, — Vi)'

aircraft autopilots are designed to fly at constant airspeed, the motion
model is developed so that the towpoint maintains a constant speed
relative to the air mass. The air mass is assumed to move at a constant
speed relative to the ground, and in a constant direction.

A. Orbital Angular Velocity

Consider the motion of the aircraft prescribed to follow an
elliptical orbit in the horizontal plane. The orbit may be param-
eterized by the semimajor axis a, and eccentricity e,

. a(l —é?)
" 1+ecosb

>

P @7)
K

The rate of change of the orbit radius with respect to time is given by

. epBOsinf

P = ”T (28)
At this point, the angular velocity of the aircraft in the horizontal
plane is unknown. It is the goal of this section to derive an analytic
expression for the angular velocity that maintains constant airspeed
in an elliptical orbit. For generality, a vertical periodic component is
also added to the aircraft motion of the form

Ah = hysin(0 + 6,) (29)

which is superimposed onto the mean aircraft altitude. The phase 6,
allows the plane of the orbit relative to the wind direction to be
rotated. For simplicity, the wind direction is assumed to be parallel to
the inertial x axis. The wind speed can be expressed in the rotational
frame attached to the aircraft as

vt =V, cos(0 4 6y)i — V,, sin(0 + 6y)j 30)

where 6, is used to rotate the elliptical orbit relative to the wind
direction. The total airspeed of the aircraft may be expressed as

Vv, = \/(f—u{g‘-i)2+(r9'—vg‘-i)2+h2 31

Equating the airspeed to a fixed quantity, V7, and squaring both sides
leads to a quadratic equation for 6

2 2 .
[(i—f sin 9) + (%) + h2cos?(6 + 9,,)]92

+ [2% V,, sin(0 + 6,) — Zi—[; V,, sin O cos(6 + 00)]9
+Vi - vil=0 (32)

The solution of this equation for 6 must be positive, which means that
the positive root must be taken,

2[(Fsin0)* + (£)* + hgcos* (6 + 6,)]

III. Aircraft Motion Model

The motion of the towpoint, together with the cable properties,
defines the physical motion of the system. In this paper, the towpoint
is assumed to be an aircraft. Hence, there is a range of motion of the
towpoint that is applicable to a particular aircraft, and others that are
not. The aim of this section is to develop a parameterization of the
aircraft motion that can be used for optimization. Because most

(33)

For the case of no wind, the following simplified expression can be
obtained

6= V([ sin 0)> + (8)* + hjcos*(0 + 6,)])'/
[(sin0)% + (7 + hicos?(6 + 6,)]

(34)

For the case of a circular orbit in the horizontal plane, the angular
velocity reduces to
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Vysin(@46y)  /V2sin?(0 + 6,) + V2 — V32
B R + R

é:

(35)

It is readily verified that the angular velocity reduces to that of a
standard circular orbit when the wind speed is zero. Furthermore,
Eq. (35) shows that the tangential velocity of the aircraft is equal to
Vr —V,, when it is flying into the wind direction, and is V; + V,,
when flying downwind.

B. Orbit Period

The time taken to complete one orbital revolution, 7', is calculated
from Eq. (33) using numerical integration as follows

27 1
T,= [ ~ do (36)
o 0

An adaptive Simpson rule is used to evaluate this integral to double
precision.

C. Variation in Length

For the case where the cable length is allowed to be varied, it is
done so in a periodic manner similar to the variation in aircraft
altitude

AL:%[1+sin(9+37”+0L)] 37)

where L, is the maximum amount of additional cable that is
deployed, and 6, is used to phase the variation in length with respect
to the wind.

D. Position of Cable Tip

The position of the cable tip in the inertial frame can be computed
assuming an offset in the orbit center of (x,, y., H),

Xip = Xc + (r — Z l;sin ozj) cos(6 + 6y)

J=1

_ (_ Z l;cosa;sin ﬂj) sin(6 + 6,)
=1

Yip = Ye + (r— le sinaj) sin(6 + 6,)

Jj=1

+ (— le cosa; sinﬂj) cos(6 + 6,)
=1

J

Zip = H — Z l;cosa; cos ﬂj (38)

j=1

IV. Numerical Analysis of Cable Motion

In this section, periodic solutions of the towed cable system are
generated for different towpoint conditions and environmental
conditions. Periodic solutions for the towed cable system are
generated using a Newton algorithm with derivatives generated via
finite differences. For the range of motion and force models
considered in this paper, the cable takes on only one stable
equilibrium position. The search algorithm commences at the steady-
state, stationary solution for the cable with the towpoint in a circular
orbit, and with zero crosswind. Each parameter is varied separately
using a homotopy approach. Because the periodic solutions are
stable, the Newton algorithm converges very quickly to a solution.

A. Initial Guess Generation
The initial guess used for the homotopy approach is the relative

equilibrium position. Such stationary configurations have been
studied at length in other works. In this paper, the shooting method

given in [16] is used to obtain the stationary configuration of the
cable. The basic method is summarized here for convenience.

1) The orbit radius r and speed V; of the aircraft are specified.

2) A cable length L, degree of cable discretization n, and length
distribution are specified.

3) An initial guess of the towed body radius in the rotational frame
is given, r,. The position is arbitrarily selected to lie on the x axis in
the orbital frame.

4) The sum of forces due to drag, gravity, and inertial forces are
used to establish the tension force on the towed body.

5) The tension force vector is used to establish a unit vector from
the towed body to the next lumped mass, m,,_;.

6) The length of element n, [, is used to establish the position of
mass m,,_;.

7) The position of the lumped mass allows calculation of drag
forces, inertial forces, and gravity forces.

8) The unknown tension vector is calculated, and steps 5-7 are
repeated until the end of the cable is reached.

9) The difference in orbit radius of the end of the cable and the
desired orbit radius r for the aircraft is driven to zero using r, as the
decision variable.

10) The positions of the aircraft and cable in the rotational frame
arerotated so that the aircraft lies on the x axis of the rotational frame.

B. Periodic Solution Generation

By definition, a periodic solution has zero net energy gained or lost
during one orbit. The stationary configuration is itself a periodic
solution with period 277/ V. Denote the initial stationary solution as
Xx,. Assume that the perturbation parameter is denoted by p, with
homotopy step A p. The initial conditions of the perturbed solution
are computed using Newton’s method applied to

Tﬂ .
F=/ xdt—xo(p + Ap) =0 (39)
fo

where the initial condition for evaluation of the integral is x,(p+
Ap). The Jacobian matrix of Eq. (39), dF/0dx, is approximated via
finite differences.

C. Effect of Number of Masses

In this section, the effect of the degree of discretization of the cable
is assessed. This is important because it is highly desirable to
minimize the number of elements used in the model for the sake of
computational efficiency. It has been found that best accuracy can be
achieved by using an uneven distribution of masses/segment lengths.
This is due to the fact that the portion of the cable closest to the
aircraft is subjected to higher drag than the tip of the cable. Hence, it

1.95

1.9

1.85

Orbit radius of cable tip (m)

1 . 65 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45 50

Number of masses, n

Fig. 2 Convergence of steady-state orbit radius of cable tip with
number of elements.



1256 WILLIAMS

Table 1 Nominal aircraft/cable properties

Parameter Value
Cable length 2500 m
Cable diameter 2 mm
Cable mass density 1040 kg/m?3
Aircraft speed 60 m/s
Aircraft orbit radius 250 m
End body mass 10 kg
End body drag, CpA 2 m?

is desirable to have a higher fidelity cable representation in the upper
cable rather than in the lower one. For this reason, the cable segment
lengths are distributed in a logarithmic manner with the shortest
elements closest to the aircraft.

Figure 2 shows the orbit radius of the cable tip derived from the
model as a function of number of cable elements for the system
properties shown in Table 1. This shows that with logarithmically
spaced elements the solution can be reasonably well approximated
with even a handful of masses. For the remainder of this paper, 10
cable elements are used to provide a good compromise between
computational expense and accuracy. Figure 3 shows a three-
dimensional plot of the cable shape derived for different numbers of
elements. This shows that even with 5 masses the cable shape is close
to that derived for the cable shape using 50 masses.

D. Numerical Results for Effect of Orbital Parameters
on Cable Response

1. Effect of Crosswind

The effect of crosswind was determined by varying the wind speed
in the x direction from 0 to 5 m/s, with the system parameters given
in Table 1. The periodic motion of the cable tip in the inertial frame is
shown in Fig. 4. The main effect of the crosswind is to shift the
position of the cable tip downwind. In fact, the results show this to be
a very significant shift for a 5 m/s crosswind. The resulting mean
position of the cable tip is over 1200 m downwind. The second major
effect of the crosswind is that it causes the cable tip to oscillate in the
vertical plane. For the case of a 5 m/s crosswind, the peak-to-peak
oscillation magnitude is approximately 70 m. A close-up of the
periodic solution for a 5 m/s crosswind is shown in Fig. 5. This plot
shows that the variation of the orbit of the cable tip in the y direction
(normal to the wind direction) is very small in comparison to the
vertical oscillation. The third effect of the crosswind is that the cable
tip is pulled in a direction which is normal to the wind direction. The
movement is positive in the direction of the angular velocity vector of
the aircraft. This relative effect of this is second-order compared with

2000

15004

N 1000+

500 +

0
250
150

100

50

x (m)
Fig. 3 Cable shape for circular aircraft orbit, shown for different
numbers of cable elements (5 though 50).

the movement of the cable tip due to drag. Figure 6 shows the cable
shape for the case of a 5 m/s crosswind. This shows that the cable
undergoes a compressive effect when the aircraft is flying towards the
cable tip, and an expansion effect when the aircraft is flying away
from the cable tip. This causes a change in the cable tension, resulting
in the height of the cable tip to vary. These results clearly indicate that
a crosswind is a significant disturbance that would need to be
compensated for during accurate positioning of the cable tip. These
results also give some insight into how the effect of wind can be
compensated for. One possibility is to shift the center of the aircraft
orbit in conjunction with either tether reeling or varying the height of
the aircraft to compensate for the variation in height. However, the
effects of tether reeling or varying the aircraft altitude need to be
assessed.

2. Effect of Elliptical Orbit

The effect of flying the aircraft in an elliptical orbit was assessed
by varying the eccentricity from 0 to 0.8 while maintaining the
semimajor axis at 250 m. All other system parameters are given in
Table 1. The results, shown in Fig. 7, illustrate that the main effect of
the eccentricity is a shift in the mean motion of the cable tip towards
the geometric center of the ellipse. Since the origin of the coordinate

1000

600 800

X (m)
Fig. 4 Effect of crosswind (0-5 m/s) on periodic solution of cable tip,
shown in inertial frame.

z (m)

1270

1275

x (m) y (m)

Fig. 5 Effect of 5 m/s crosswind on periodic solution of cable tip.
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Fig. 6 Effect of 5 m/s crosswind on periodic solution of cable shape.
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Fig. 7 Effect of elliptical orbit on periodic solution of cable tip
(0 < e < 0.8, in steps of 0.05).

system remains fixed at the focus of the ellipse, it is evident that the
cable tip remains closest to the center of the motion and not the focus
of the ellipse. This is caused by the constraint on the airspeed of the
aircraft to remain constant. The second effect of the elliptical orbit
is a drop in altitude of the cable tip, combined with a small vertical
oscillation. The amplitude of the vertical oscillation is on the order of
10 m, whereas the drop in altitude is on the order of 40 m for an
eccentricity of 0.8. Figure 8 shows the motion of the cable for the
cable of e = 0.8. This clearly shows that the cable is concentrated at
the geometric center of the ellipse.

3. Effect of Height Variation

The effect of flying the aircraft in an inclined orbit was assessed by
varying h,; from 0 to 50 m, with 8, = 0. All other system parameters
are given in Table 1. The resulting periodic solutions of the cable tip
are shown in Fig. 9. This shows that the primary effect of varying the
aircraft height is that the cable tip oscillates in a circular orbit in the
vertical plane. For the case of a vertical oscillation amplitude of 50 m,
the cable tip peak-to-peak oscillation is 26.5 m. The induced vertical
motion also causes the cable tip to move away from the origin in the

-200
-400 -300

x (m)

y(m 200 -500

Fig. 8 Motion of cable during periodic solution with orbit eccen-
tricity 0.8.

x (m)

Fig. 9 Effect of sinusoidal variation in aircraft height on cable tip
response (h; = 0 to 50 m).

horizontal plane. The movement is on the order of 10 min the x and y
directions for a height variation of 50 m.

4.  Effect of Length Variation

The effect of varying the cable length on the cable tip response was
assessed by varying L, from 0 to 200 m. The system parameters
remain the same as those shown in Table 1. The periodic solutions of
the cable tip are shown in Fig. 10. A close-up of the cable tip motion
for a 200 m variation in cable length is shown in Fig. 11. The results
show that the variation in cable length has a similar effect on the cable
tip motion as a variation in altitude of the aircraft. The main effectis a
variation in altitude of the tip. The effect is less severe than varying
the aircraft altitude. For example, for a length variation of 50 m, the
peak-to-peak oscillation of the cable tip is 16.3 m, compared with
26.5 m when a direct height variation of the aircraft is used. The
difference is due to the fact that the cable is not completely vertical. In
other words, deployment of the cable results in components of the
length increasing in the horizontal plane. The results also show that
as the variation in length increases, the cable tip moves away from the
orbit center.
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z (m)

y (m) 0 x (m)
Fig. 10 Effect of sinusoidal variation in cable length (L; = 0 to 200 m
amplitude).

V. Optimization of Towed System
A. Problem Statement

The aerial-cable system represents a complex system with many
state variables and dynamic vibration modes. One possible way of
determining the optimal means for flying the aircraft to minimize the
effects of crosswind on the cable tip response is to formulate the full
optimal control problem involving the equations of motion for the
cable elements. In such a formulation, the second derivatives of the
orbit radius, ¥, and orbit angle, 6, as well as the second derivative or
cable length, Z.l , or aircraft altitude, ﬁ, could be used as pseudocontrol
inputs. In [22], this approach was used in combination with direct
transcription. Direct transcription approximates the differential
equations by means of equality constraints in a nonlinear pro-
gramming problem. However, this results in a very large scale
nonlinear programming due to the high number of collocation points
needed to adequately capture the cable response. Instead of taking
this approach, an alternative formulation is used in this paper.

The problem is posed as follows: find the optimal design vector
p = (xg,a,e,Vy, 0y, hy,0,,H ,x.,y., Ly, 0;) to minimize the cost
function

T
= / ", + vE, + B2 dt (40)
0

Subject to the equations of motion defined in Sec. II, the periodicity
constraints

—-x(T,)=0 41
as well as box constraints on the design vector

PL=P=Dpy 42)

52 -2.4
x (m) y (m)

Fig. 11 Effect of 200 m variation in cable length on cable tip response.

The method for solving this problem is outlined in the following
subsection.

B. Solution Method

The number of differential equations that are needed to simulate
the cable dynamics is 4n, where n is the number of elements. An
additional differential equation is needed for integrating the angular
position of the aircraft. Hence, even with the cable modeled using 10
elements, 41 differential equations need to be propagated or
transcribed. Instead of using direct transcription, which approx-
imates the solution of differential equations by using a set of
nonlinear algebraic equations that are driven to zero by nonlinear
programming software, the equations of motion are propagated
directly using a fourth-order Runge—Kutta method with a fixed time
step. The equations of motion are integrated from the start time to the
final time in one pass. Iterating on the decision variables in this
manner is often referred to as direct shooting. Direct multiple
shooting can be used in problems with a high sensitivity of the
differential equations to the decision vector. Direct multiple shooting
divides the entire time interval of interest into several subintervals
with equality constraints applied on the states across the intervals.
This is done to desensitize the variation in states to changes in initial
conditions. However, for the towed cable system, since the motion is
stabilized by aerodynamic drag, the differential equations remain
stable when propagated. Hence, there is no need to use direct multiple
shooting or direct transcription to solve the differential equations in
the optimization problem.

The equations of motion are propagated using a C++ mex-file
interface in MATLAB. A Gaussian elimination routine from
LAPACK is used to solve the tension equations. The optimization
problem is solved using the software SNOPT [25], also compiled
with a mex-file interface.

VI. Numerical Results

Optimization of the aircraft motion to compensate for the effects of
a crosswind was approached using two different methods. In the first
method, the aircraft altitude was held fixed, and the length of cable
was varied to stabilize the vertical motion of the cable tip. In the
second method, the cable length was held fixed, and the aircraft
altitude was varied.

A. Aircraft Altitude Fixed

Optimal results were obtained for crosswinds of 0 to 5 m/s in
steps of 0.05 m/s. The optimal aircraft orbit is shown in Fig. 12 as a
function of wind speed. Based on the results obtained above, it is
clear that the major compensation for the crosswind is a shift in the
aircraft orbit. The orbit is shifted upwind, with a smaller shift
perpendicular to the wind direction. Figure 13 shows the compen-
sated motion of the cable tip trajectory in the horizontal plane. This
shows that the compensated motion in the horizontal plane results in
smaller orbit radii than the unperturbed circular orbit. Figure 14
shows the compensated three-dimensional trajectory of the cable tip.
This illustrates that the vertical motion becomes the dominant effect
on the motion for high wind speeds. However, even for wind speeds

Increasing wind speed

200 .
100 77 - o
—_ v ' X0
€ 0 * l,l 0
= 100 lI lIl llll 1 ‘l
“Qm“ m W ’,“\‘
-200 3
-300 =SS : n 1 .
-1400 -1200 -1000 -800 -600 -400 -200 0 200
X (m)

Fig. 12 Optimal aircraft orbit to compensate for crosswind in +x
direction.
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Fig. 13 Compensated projection of the orbit of cable tip in inertial

frame, shown in the horizontal plane (wind speed from 0 to 5 m/s).

Fig. 14 Compensated orbit of cable tip in inertial frame (wind speed
from 0 to 5 m/s).

of 5 m/s, the error in vertical position is on the order of 1 m, which is
smaller than the unperturbed orbit radius of the tip (1.66 m).

Figure 15 shows the optimal shift in aircraft orbit as a function of
wind speed, and Fig. 16 and 17 shows the orbital parameters of the
aircraft. The results show that the aircraft is flown in an elliptic orbit
with the eccentricity increasing with the wind speed. The orbit
altitude initially increases with wind speed until approximately
3 m/s, then decreases rapidly with wind speed. The semimajor axis
is generally constant with wind speed, except for wind speeds above
3 m/s, where there appears to be some noise in the results. Figure 18
shows the variation in cable length and phasing of the reeling relative
to the periapsis of the ellipse. To compensate for the vertical motion
of the cable tip, the cable must be reeled at increasing speeds.

B. Fixed Cable Length

The alternative to reeling the cable is varying the altitude of the
aircraft. Figure 19 shows the optimal aircraft orbit in the horizontal
plane for crosswind speeds of 0 to 5 m/s. Unlike the case where
reeling is used, the shift in the aircraft orbit is predominantly in the
upwind direction with very little shift perpendicular to the wind
direction. Figure 20 shows the trajectory of the cable tip in the
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Fig. 15 Shift in aircraft orbit as a function of wind speed.
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Fig. 16 Optimal orbit eccentricity and orientation of major axis of
ellipse for compensating for effect of crosswind.

horizontal plane. For wind speeds between 0 and 2 m/s, the
trajectories match those of the cable reeling solutions reasonably
well. However, above 2 m/s, the trajectories are disturbed from
their positions centered at the origin with large excursions in the

—~ 2400
~ /—/-—_
] _\
2 2350
T
'S 2300
14
<
2250
0 1 2 3 4 5 6
Wind speed (m/s)
256

N
a
N

I
AN

I E—

n
o
[=]

Semimajor axis (m)
N
(¢
N

n
X
)

1 2 3 4 5 6
Wind speed (m/s)

Fig. 17 Optimal aircraft altitude and semimajor axis for compensating
for effect of crosswind.
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Fig. 21 Compensated orbit of cable tip in inertial frame with cable
length fixed (wind speed from 0 to 5 m/s).

downwind direction. At 5 m/s, the maximum deviation is
approximately 3.25 m. Hence, from the point of view of maintaining
small motion of the cable tip, reeling the tether is preferable.
Figure 21, which shows the three-dimensional trajectories of the
cable tip, support this conclusion. Varying the altitude of the aircraft
is unable to compensate for the vertical motion of the cable tip in
the same fashion as cable reeling. This is because the cable tip
motion tends to be damped with longer cables [16]. Peak-to-peak
oscillations of approximately 10 m are present in the results for a
wind speed of 5 m/s.

Figure 22 shows the shift in the aircraft orbit, Fig. 23 shows the
eccentricity and ellipse orientation, and Fig. 24 shows the aircraft
mean altitude and semimajor axis. In contrast to the results where
reeling is used, the aircraft maintains a circular orbit for wind speeds
above 1.5 m/s. The mean altitude of the aircraft decreases with wind
speed. Figure 25 shows the variation in orbit altitude as a function of
wind speed. This shows that the amplitude of oscillation for the
aircraft altitude is substantially less than the required length of cable
needed to stabilize the cable tip motion. This is consistent with the
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Fig. 22  Shift in aircraft orbit as a function of wind speed with cable
length fixed.
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Fig. 23 Optimal orbit eccentricity and orientation of major axis of
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periodic solutions generated earlier in this paper. The results show
that although the variation in altitude is less effective in stabilizing the
cable motion, it may be preferable since it would not require a
complex interaction of autopilot with winch control. The price in
accuracy would most likely be masked in practice due to the effects of
turbulence and gusts.

The results presented above clearly illustrates that accurate control
of the cable tip can indeed be maintained by flying the aircraft in an
appropriate manner, combined with reeling of the cable. It is
interesting to note that the change in wind speed actually enables a
“closer” trajectory to the origin when viewed in the horizontal plane.

Thus, the form of the optimal trajectories appears to be consistent
with findings of studies of periodic orbits in the presence of
crosswinds as investigated earlier in this paper. Preliminary flight
testing of such a system has also illustrated some of these effects,
namely, that the tip of the cable oscillates in the vertical plane and
drifts outside of the flight path of the aircraft [24]. However, it is clear
that the required shifts in the aircraft orbit are very large, even for
moderate crosswinds.

VII. Conclusions

The optimal dynamics of a three-dimensional towed-cable system
has been studied using numerical optimal control. The system is
highly complex and nonlinear, and a multibody dynamics model was
used to develop the optimal trajectories. For the case of no wind, it is
known that an aircraft flying a circular orbit produces an optimal
steady-state solution—optimal in the sense that no active control
over the cable length is required to keep the cable tip “close” to the
center of the orbit. However, even a small crosswind creates a large
disturbance to the position of the cable tip. Shifts in the aircraft orbit
of over 1 km are needed for wind speeds of 5 m/s for a 2.5 km long,
2 mm diameter cable. Flying the aircraft in a slightly elliptical orbit
and reeling the cable gives extremely good compensation of the cable
tip motion. It is possible to achieve better stationary motion than can
be achieved in the absence of a crosswind. From a practical point of
view, it would be likely that a solution that uses only an autopilot
without varying the cable length would be sought. Such stabilized
solutions are possible by flying the aircraft on an inclined circular
orbit. The performance in the horizontal plane is not as good as using
reeling for high wind speeds, but has the advantage that all control
can be realized through a single autopilot. The loss in performance
would most likely be masked in practice due to the effects of
unsteady winds.

Appendix A: Inertial Velocities and Accelerations
The inertial velocity of the lumped masses obtained by

differentiating Eqs. (1) and (2) and are given by,
v, = (F— I sina; — I,&; cosor; + llécosal sin 8,)i
+ (ré— i, cosa;sin B, + I,&, sine, sin B,
— ZIB, cosw; cos B, — l|ésina1)j
+ (f} - i1 cosa; cos B, + I a; sina, cos B,

+ll/§lcosa1 sin 8,)k (A1)

v, =v,; + (=/;sina; — [;&; coso; + [;0cos a; sin B;)i
+ (=[jcosa;sin B; + [;&;sina; sin B; — [;8; cos a; cos B;
—[;0sina;)j + (=I;cosa; cos B; + 1;&; sina; cos B;

+1B;cosa;sin Bk,  j=2,...n (A2)

The accelerations in the rotating frame are given by
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a, = (F— r* — I, sine; — 21, cosa, — I,d, cosa,
+ L& sina; 4 2[0cosa sin B, + [,6cos ; sin B,
— 2119d1 sine; sin 8, + 211931 cosa; cos B; + 1192 sina; )i
—+ (ré + 2;"0'—'1'1 cosa, sin B, + 2i1d1 sina; sin B,
- Zi,Bl cosa; cos B + 1,&; sina, sin B, + ;&2 cos o sin B,
+ 2110'51/531 sina; cos B, — llﬁl cos o, cos fB;
+ 11/3'% cosa sin B, — Zilésinal - llésinozl
- ZI,édl coso; + lléz cosa; sinB)j
+ (ii — Z', cosw; cos B, + 2i1d1 sina; cos B,
+ 2i1}§1 cosa; sin B; + ;& sina cos B,
+ 1,&3 cos a; cos By — 21,d, B, sina, sin B

+ll/§] cosa; sin B, +11B%cosal cos B,k (A3)

a;=a;+ (—lj sinar; — 2ijdcj cosay — ;6 cosa; + ljo'tf sina;
+ 2ijécosaj sin 8; + ljécosotj sin §; — ZIjé(Szj sinq; sin B;
+ ZIjéB_, cosa;cos B; + lj92 sina;)i + (—Z'j cosa; sin B;
+ Zijdzj sina; sin 8; — Zijﬂj cosa;cos fB; + [;d; sina; sin B;
+ 1,63 cosa; sin B; + Zdeij sina; cos
— ljﬁjcosajcosﬂj + ljB?cosaj sin B; — 2ijésinaj
- ljésinozj - ZZdej cosa; + ljéz cosa;sin B;)j
+ (—Z'j cosa;cos B; + Z[jdj sina; cos B;
+ Zi_fBj cosa;sin fB; + [;&; sina; cos B; + ljo'zjz. cosa;cos fB;
— ZZjo'szj sina; sin B8; + l_,ﬁj cosa; sin f;

52 .
+ ;8 cosa; cos B))k, j=2,....n (A4)

Appendix B: Inelastic Constraints

The tension constraint equations are obtained by projecting the
equations of motion into a tangent frame for each tether element. In
the simplest form, they are given by

m;  mj_y

B

F; F;, .
bi i Tj + 07, T+ b7 ;T =[C; (aj\.i—l - [7./_ —— D i

where the coefficients of the tensions in Eq. (B1) are given by

__sin(a;) sin(a;_;) + cos(a;) sin(B;) cos(a;_;) sin(B;_)

Piir = Mj-1 mj
N cos(a;) cos(f;) cos(er;_;) cos(B;_1) 2)
mi_
b}, = —sin(a)) (Sirliéj) + —s;r;éaf ))
J J—
 cos(a,)sin(8)) (cos(a;ﬁin(ﬁ» . cos(a’;)_silnwj))
J J—

 cos(a;) cos(8,) (cos(a_i’):os(ﬂj) + COS((XZ _C(I)S(ﬁj)) (B3)
J =

o - sin(a;) sin(a;) 4 cos(a;) sin(B;) cos(et;1) sin(B;41)

JJ+l = ]
m; m;

., c08(@) co3(B)) c0s(@.) cos(B.)

m;

(B4)

Applying Eq. (B1) for each tether element results in a set of linear
algebraic equations for the n unknown tensions. Boundary condi-
tions are applied by setting Ty =0, T,,, ;| = 0, and my = oo.
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